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Quasiperiodicity is the concept of order without translation symmetry. The discovery of quasiperiodic
order in natural materials transformed the way scientists examine and define ordered structure. We show
and verify experimentally that quasiperiodicity can be observed by scattering processes from a periodic
structure, provided the interaction area is of finite width. This is made through a momentum conservation
condition, physically realizing a geometrical method used to model quasiperiodic structures by projecting
a periodic structure of a higher dimension.
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The outcome of scattering processes by periodic media
is diffraction—the generation of new waves at particular
directions. There are numerous different kinds of such
processes, e.g., electromagnetic optical waves diffracted
from gratings, electrons diffracted from atomic crystals,
etc. In all of these processes the condition for efficient
generation of the scattered wave (diffraction condition) can
be formulated in the form of momentum conservation: it
needs to be satisfied only up to a reciprocal lattice vector
(RLV) of the structure. Each such RLV can give rise to a
different diffraction condition. We show that for a
restricted-width interaction in which all beams propagate
in the same direction within a periodic structure, momen-
tum conservation can also be satisfied up to a projection of
an RLV onto the direction of propagation. The real space
description of this phenomenon entails projecting part of
the structure defining lattice onto a line, but such a projec-
tion of a periodic lattice onto a subspace is a well-known
scheme for the creation of quasicrystal models [1–3] (or-
dered but not periodic structures). As such, for certain
propagation directions, the set of processes for which
momentum conservation is satisfied exhibit quasiperiodic
relations even though they take place within a periodic
structure. We experimentally demonstrate this phenome-
non using nonlinear wave mixing in a material with planar
periodic modulation of ��2�—its second-order nonlinear
susceptibility, but it should be observable for any scattering
process in which momentum conservation can be satisfied
up to an RLV of some periodic lattice.

For second-order nonlinear optical interaction (nonlin-
ear diffraction [4]), involving light beams with different
frequencies, the condition of momentum conservation up
to an RLV of the lattice is known as quasi-phase-matching
(QPM) [5–8]: phase difference between interacting beams
of different frequencies (due to dispersion) is compensated
(phase-matched) using an appropriate nonlinear photonic

crystal (NPC). Initially QPM was accomplished for a
single process within a one-dimensional periodic NPC
[7]. To phase match several processes there is a need for
more complex structures such as periodic two-dimensional
[8–11] or quasiperiodic [12–14]. However, in all of these
structures, the given condition for phase matching is the
existence of an RLV equal to the phase-mismatch vector
�k. For a periodic two-dimensional NPC this condition
[8,9,15] is written as �k � mb1 � nb2, where b1;2 span
the reciprocal lattice. The NPC itself is defined by some
motif of positive or negative ��2� repeated at the vertices of
some periodic lattice, over a ��2� reversed background. The
lattice is spanned by the primitive vectors a1;2 which obey
the orthogonality condition ai � bj � 2��ij. A second-
order nonlinear interaction is actually a mutual interaction
of three waves, i.e., a three-wave-mixing. When two such
high amplitude waves (denoted as pump and idler) are
directed into the NPC they give rise to a third wave,
denoted as signal. Under plane-wave approximation this
wave evolves according to [11]:

 Es��kx0 ;�ky0 � � �
1

W

ZZ
A
d�x0; y0� exp�ix0�kx0

� iy0�ky0 �dx0dy0; (1)

where � is a constant depending on the pump and idler
amplitudes and on the signal frequency and index of re-
fraction. W is the width of a rectangular integration area A
oriented along the signal propagation direction [as depicted
in Fig. 1(a)]. d�x0;y0��

P
mn��r�ma1�na2��s0�x

0;y0� is
the normalized spatial variation of the nonlinear coefficient
��2�, where s0�x0; y0� is the motif geometrical representa-
tion (gets the value 1 inside the motif area and 0 otherwise),
and � represents convolution. �k � �kx0 x̂0 � �ky0 ŷ0 �
kp � ks � ki is the wave mismatch vector (kp, ks, and
ki are the wave vectors of the pump, signal, and idler,
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respectively). Rotating to the (x; y) coordinate system we
now consider only collinear radiation given by the condi-
tion �ky � 0. In addition, without any loss of generality,
the integration limits in the x direction are extended to
infinity. We also restrict the effective interaction width
W � y1 � y0 which, up to diffraction limits, can be ac-
complished physically by either beam shaping or by a
restricted area for d�x0; y0�. Equation (1) now reduces to

 Es��kx� � �
1

W

Z
D�x� exp�ix�kx�dx; (2)

where D�x� �
R
y1
y0
dyd�x; y� � Pxd�x; y� is treated as a

projection onto the x axis. We conclude that Es��k� �
� 1
W

~D��k�, where ~D��k� is just the Fourier transform of
D�x� in the argument �k (the x subscript was omitted as the
problem reduces to one dimension).

Here we have an optical process which acts as a physical
embodiment of lattice projection. This might be interesting
as lattice projection is an important tool for the creation of

quasicrystal models [1]. In fact, using generalizations of
the arguments used previously by Zia and Dallas [16] for
spectrum calculation of quasiperiodic structures, it can be
shown that
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where sinc�x� � sin�x�=x, Nmn � �mb1y0 � nb2y0 � cos��
�mb1x0 � nb2x0 � sin�, Mmn � �mb1x0 � nb2x0 � cos��
�mb1y0 � nb2y0 � sin�, and AUC � ja1 � �a2 	 ẑ�j is the lat-
tice unit cell area. Equation (3) describes a distributed set
of weighted Dirac delta functions (Bragg peaks) located at
�k � Mmn with an associated Fourier coefficient �mn �
W
AUC

2S0sinc
W2 Nmn�, where S0 is the Fourier transform of
s0�x0; y0� [17]. The above result gives the set of all collinear
processes that can be phase matched in any periodic two-
dimensional NPC, along with their anticipated efficiencies.
This spectrum is not necessarily characteristic of a one-
dimensional quasiperiodic structure, but it would be if we
can draw a line parallel to ks which passes through one and
only one lattice point. As an example, if the NPC is built
upon a cubic lattice with edges of unit length and the
propagation direction is � � atan�1=��, where � � �1����

5
p
�=2 is the golden ratio, the processes that can be phase

matched are those with �kmn � 2��m�� n�=�
������������
�� 2
p

�,
which is the spectrum of the celebrated quasiperiodic
Fibonacci tiling [18].

In general this spectrum contains more Bragg peaks than
accounted for by the two-dimensional periodic lattice. This
result is trivial when taking into account the sinc-type
broadening of the Bragg peaks due to the finite interaction
width, and the projection itself being reflected in k space by
choosing �ky � 0. Each such ‘‘projected’’ peak can in
principle be used to phase match a process with a phase-
mismatch value equal to a projection of an RLV onto the
direction of propagation. For the limiting case of W ! 1
(plane-wave limit) we return to the Bragg peaks given
along a line of the two-dimensional reciprocal lattice. To
incorporate tolerances into the calculations, the interaction
must be restricted to a finite crystal length L with the
consequence of multiplying �mn by sinc
L2 ��k�Mmn��

where �k is the phase-mismatch value. But this additional
factor accounts to any tolerance—for example, variation
of wavelength or temperature would effect the phase-
mismatch value, while angle tuning would change Mmn
due to rotation of the propagation direction. In this regard,
tolerance analysis for our purpose is no different than the
known analysis carried for ‘‘standard’’ QPM [7].

 

FIG. 1 (color online). Illustration of nonlinear optical lattice
projection within an oblique NPC. (a) Restricted interaction area
with respect to signal beam direction. (b) Calculation results of
collinear projection-based SHG normalized intensity, as a func-
tion of input angle and material temperature.
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To illustrate the analysis above, we calculate the be-
havior of a collinear second harmonic generation (SHG)
process within an oblique lattice, with base vectors a1 �
6:2 �m�� 75, a2 � 7:4 �m�17 and with a hexago-
nal motif of 2:5 �m edges. This NPC was designed to
phase match (through the coupling coefficient d33) two
collinear SHG processes of 1550 and 1047.5 nm at the
same direction. For the 1047.5 nm SHG process, Fig. 1(b)
shows the normalized amplitude of the second harmonic
collinear radiation as a function of propagation direction
and of temperature. The parameters taken were 10 �m
interaction width and 0.2 cm interaction length [19].
Each parabola represents the contribution of a specific
reciprocal lattice order, indicated near the parabola extre-
mum point. Only the extremum points coincide with the
regular plane-wave collinear phase-match condition—for
W ! 1 the parabolas diminish except for these points. On
the other hand, letting (theoretically) W ! 0, the differ-
ences in efficiency between the standard and projection-
based processes diminish.

To experimentally demonstrate the projection operation,
we fabricated the above structure by using electric field
poling [20] of a 1 cm long nonlinear crystal made of
stoichiometric LiTaO3 [21] [shown in Fig. 2(a)]. The
phase-mismatch values for extraordinary polarized waves
at room temperature are �k1 � 2:97	 105 m�1 and
�k2 � 8:20	 105 m�1, respectively. The projection
‘‘arms’’ of the (0,1) and (1,0) QPM orders cross the
pump propagation axis (the x axis) at the required phase-

mismatch values for projection-based phase matching [see
Fig. 2(b)]. For an ideal experiment we need to employ the
unrealistic undiffracting top-hat beam profile; for adequate
approximation low-diffraction beams must be used. When
Gaussian beams are used, as in our experiment, better
results can be achieved by restricting the significant con-
tributing area of the nonlinear crystal to less than the beam
waist (the nonlinear spatial modulation is restricted to a
narrow strip) or, as was our choice, by aligning the setup so
only part of the beam profile passes through a modulated
area (while the whole beam is contained in the nonlinear
media to exclude linear refraction). With a 1550 nm pump,
we observed two SHG processes that are phase matched by
the (1,0) QPM order, one directly by the RLV (when the
pump enters at an angle of 3.4 with respect to the x
direction), and the other is projection based (pump in the
x direction). The two processes were captured by a CCD
camera as shown in Fig. 3. The first process is the tradi-
tional phase matching process, where the generated second
harmonic propagates in a�3:5 relative to the x axis. With
pump waist radius of 20 �m (50 �m), the conversion
efficiencies and spectral width are 3:5	 10�5 W�1 (1:0	
10�5 W�1) and 20 nm (11 nm). The projection-based
process is collinear, and exhibit different efficiencies and
spectral widths: for waist radius of 20 �m (50 �m) we
observed 2:6	 10�6 W�1 (7:2	 10�7 W�1) and 3 nm
(2.3 nm). The measurements were compared with a nu-

 

FIG. 2 (color online). NPC designed for dual phase matching
of two SHG processes in the same direction. (a) AFM scan of the
NPC. (b) Projection scheme upon the reciprocal lattice using
plane-wave analysis: Fourier coefficients as a function of phase
mismatch. The dashed white line indicates collinear QPM con-
dition for beams propagating along the x axis. The short arrow
indicates the projection of the (1,0) RLV, compensating �k1. The
long arrow indicates the projection of the (0,1) RLV, compensat-
ing �k2.

 

FIG. 3 (color online). Standard RLV-based noncollinear and
collinear projection-based SHGs evolved from the same (1,0)
QPM order. Panels (a)–(b): CCD caption of the standard RLV-
based second harmonic (pump position is indicated by the white
arrow) and of the projection-based second harmonic, respec-
tively. Panels (c)–(e): Normalized experiment and simulation
data for second harmonic power as function of wavelength.
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merical simulation (employing split step Fourier method
[22]) in which the nonlinear polarization induced by an
undepleted Gaussian pump wave was used as a source for
generating the second harmonic wave, while half of the
beam profile passes through a modulated area. The simu-
lated spectral widths are similar to those measured, as
shown in Fig. 3. The effective interaction length for the
noncollinear processes is smaller than for the collinear
process as the interaction cross section between the pump
and the inclined second harmonic is reduced. In view of the
tolerance factor mentioned above, this results in a larger
spectral aperture than for the collinear process. The calcu-
lated efficiencies are 3:6	 10�6 W�1 (7:0	 10�7 W�1)
for waist of 20 �m (50 �m). Theoretical efficiency cal-
culation for the collinear radiation was made by using the
Boyd-Kleinman formalism for focused Gaussian beams
propagating within a homogeneous nonlinear crystal [23]
modified to include the relevant j�mnj2 [Eq. (3)] factor
(calculated for a W � 2!0 interaction width). The result-
ing efficiencies are 1:3	 10�6 W�1 (3:0	 10�7 W�1) for
waist radius of 20 �m (50 �m). We also observed SHG
for 1047.5 nm pump. In this case, for the RLV-based phase
matching, the process is noncollinear with a 1 walk-off
angle. The difference between the nominal input (output)
angles for the projection-based and RLV-based processes is
only 0.35 (0.7), which is below the diffraction angle of
the pump (second harmonic) beam. Hence, the two differ-
ent processes could not be separated (using wide enough
beams for angular separation would render the projection-
based process efficiency 4 orders of magnitude smaller and
extremely hard to detect). It should be emphasized that
both SHG of 1047.5 and 1550 nm were phase matched at
the same propagation direction (x axis), thus exhibiting
quasiperiodic behavior (the phase-mismatch values for the
two processes are incommensurate for all practical pur-
poses) within a periodic lattice.

This phenomenon in which radiation is built along a
certain direction by conserving momentum using an RLV
component along the propagation direction, which in turn
can be used to reveal quasiperiodicity, should not be re-
stricted to nonlinear three-wave-mixing as was observed in
our experiment. The same reasoning should apply to any
scattering processes in which momentum conservation is
satisfied up to an RLV of some lattice. Considering, for
example, x-ray diffraction or diffraction from a (linear)
photonic crystal, the �ky � 0 condition required for the
projection operation is interpreted as measuring the dif-
fracted radiation along the incident beam direction [24]. In
our experiment separating the input beam from the output
signal relied on their frequency difference. For diffraction,
a backward propagating diffracted wave can be separated
from the incident wave using a beam splitter. Structure
analysis applications can come to mind when considering
that this type of collinear radiation carries with it structure
information of the transverse as well of the longitudinal

dimensions although the process itself is characterized
one-dimensionally (along a line). In addition, the strong
dependency on the interaction width can be used to detect
longitudinal defects.
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